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Summary 


The price of a stock will rarely follow the assumed model and a curious investor or a 
Regulatory Authority may wish to obtain a probability model the prices support. A risk 
neutral probability V* for the stock’s price at time T is determined in closed form from the 
prices before T without assuming a price model. Under mild conditions on the prices the 
necessary and sufficient condition to obtain V* is the coincidence at T of the stock price 
ranges assumed by the stock’s trader and buyer. This result clarifies the relation between 
market’s informational efficiency and the arbitrage-free option pricing methodology. It also 
shows that in an incomplete market there are risk neutral probabilities not supported by 
each stock and their use can be limited. P*-price C for the stock’s European call option 
expiring at T is obtained. Among other results it is shown for “calm” prices, like the log¬ 
normal, that i) C is the Black-Scholes-Merton price thus conhrming its validity for various 
stock prices, ii) the buyer’s price carries an exponentially increasing volatility premium 
and its difference with C provides a measure of the market risk premium. 


Key words and phrases: Calm stock; contiguity, risk neutral probability and market’s 
informational efficiency; European option; inhnitely divisible distribution; statistical ex¬ 
periment 

Running Head: Information in stock prices 
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1 Introduction 


In reality stock prices rarely follow the assumed model and research has been devoted 
in the past and recently to discover the information these prices or the prices of stocks’ 
derivatives hide; see, e.g., Borovicka et al. (2014), Ross (2015) and references therein. 

An investor or a Regulatory Authority reluctant to follow the assumed price model may 
wish to use at time T risk neutral probabihty(-ies) V* suggested by the stock prices before 
T. This is the central problem addressed in this work without price modeling assumptions. 
In a nutshell the distribution of price returns is obtained as limit, under a sequence of 
probabilities determined by the prices, and is modified to become risk neutral V* when the 
stock’s trader and buyer have the same belief/information on the stock’s potential values 
at T. Thus, in a complete market some of the available risk neutral probabilities are not 
supported by the prices of a particular stock and their use on this stock’s derivatives are 
questionable. The frequent quote of the Black-Scholes-Merton [B-S-M) price (Black and 
Scholes,1973, Merton 1973) is also justihed. 

The statistical consequences of these results are: I) the Levy triple characterizing V* 
is given in closed form via the stock prices before T, thus it could be estimated non- 
parametrically, II) P*’s risk neutrality is equivalent to Le Cam’s contiguity of two sequences 
of probabilities obtained from the stock prices before T and III) the prices may support a 
mixture risk neutral probability with mixing components determined from the prices’ sub¬ 
sequences. Due to I) this work complements known results in the literature that guarantee 
only the existence of risk neutral probabilities. 

More precisely, mean-adjusted stock prices and Le Cam’s theory of statistical experi¬ 
ments are used to determine one or more V* at time T via a constructive method. The 
main assumption (M3) to obtain V* holds for log-normal prices. Each V* is obtained from 
a different probability Q with Levy triple [/xq, ag, Lq]. Q is supported by the stock prices 
before T since the triple’s components are determined either by the sequence of sums of 
successive, adjusted prices’ jumps, or from one of its subsequences. P*-price C of the Eu¬ 
ropean call option is obtained. For “calm” price, e.g. log-normal, with jumps not occuring 
often and forcing P*’s Levy measure to concentrate at zero, C is the R-b'-M price, thus 
conhrming its universal validity for various stock prices. When the sequence of jumps’ 
sums has subsequences converging weakly to different limits, C can be obtained from V*- 
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mixtures determined by the cluster points of this sequence. The remaining available risk 
neutral probabilities at T correspond to stock prices with different jumps-variability and 
should be used to price only those stocks’ derivatives. 

Adopting the statistical experiments’ motivation from the 2-players’ game, the European 
option’s transaction is seen by the investor or the Regulatory Authority as game between 
a trader and a buyer, both hypothetical. The buyer’s price for the option is shown to carry 
a volatility premium and its difference from C* is a measure of the market’s risk premium. 

A relation of the approach with the Kullback-Leibler relative entropy is presented. The 
connection of Q and the obtained V* with information from the stock prices is revealed via 
contiguity and is related with the notion of information used in the Market Manipulation 
literature; see, e.g., Cherian and Jarrow (1995). Q is dehned via sequences of beliefs- 
probabilities {Ptr,n} and {Pbu,n}, respectively, of the trader and of the buyer, n determines 
the number of stock prices providing information before T and Ptr,n is equivalent to Pbu,n 
for every n > 1. P* is risk neutral, if and only if, {Ptr,n} and {Pbu,n} are contiguous, 
implying that with information from countably infinite stock prices the beliefs-probabilities 
of these agents for St remain equivalent. Thus, neither the trader nor the buyer have 
private information on St^s range of values. This result complements those in Jarrow 
(2013) which demonstrate the intimate relationship between an informationally efficient 
market and option pricing theory. It also conhrms the Third Fundamental Theorem of 
Asset Pricing (Jarrow and Larsson, 2012, Jarrow, 2012, Jarrow, 2013, Corollary (Market 
Efficiency) p. 91) by providing sufficient conditions under which the family of stock price 
returns is an information set that makes the market efficient. 

The foregoing results appear in sections 4 and 5. The original theoretical contributions 
consist oi i) the new 2-step method proposed in section 2 to determine V* via Q which 
motivates in section 4 the embedding in the statistical experiments framework (see ffTOjl i. 
and ii) Propositions 4.1-4.4, Lemma 6.1 in Appendix 1 and Proposition 7.1 in Appendix 2. 
These are used in the applications section 5 to present new, quantitative results. The tools 
in section 3 include mean-adjusted price pt{= St/E-pSt) which is density on the probability 
space {Q,P,V); t denotes time, to < t < T. Beliefs-probabilities Ptr,n and Pbu,n are pt- 
products at various trading times t in the interval 

For the reader who feels uncomfortable because {Ptr,n} and {Pbu,n} are product of prices- 
densities and indicate independence of price returns, it should be reminded that Fama’s 
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weak Efficient Market Hypothesis implies either independence or slight dependence of the 
stock price returns (Fama, 1965, p. 90, 1970, pp. 386, 414). Modeling “slight” dependence 
with weak dependence is acceptable in Finance (Duffie, 2010, personal communication). 
Thus, the limiting laws obtained under {Ptr,n} and {Pbu,n} remain valid under weak de¬ 
pendence and the obtained results hold. 

Janssen and Tietje (2013) use statistical experiments to discuss “the connection between 
mathematical hnance and statistical modelling” for d-dimensional price processes. Some of 
the differences in their work are: a) The price process is not standardized and V* is assumed 
to exist, b) Convergence of the likelihood ratios to a normal experiment is obtained under 
the contiguity assumption, c) The relation between V*, market’s informational efficiency 
and contiguity is not revealed, d) There are no results explaining the behaviors of the 
trader and of the buyer, e ) There is no proof of the universal validity of B-S-M formula 
without price modeling assumptions. 

The theory of statistical experiments used is in Le Cam (1969, Chapters 1 and 2, 1986, 
Chapters 10 and 16), Le Cam and Yang (1990, Chapters 1-4, 2000, Chapters 1-5) and in 
Roussas (1972, Chapter 1). Theory of option pricing can be found, e.g., in Musiela and 
Rutkowski (1997). A concise and very informative presentation of Levy processes theory 
can be found in Kyprianou (2006). Proofs and auxiliary results are in Appendices 1 and 2. 

2 The approach to obtain V* via Q 

V* to be used at T is equivalent to the physical probability V and satishes the equation: 



( 1 ) 


stock prices {St^t > 0} are dehned on the probability space (H, P), {Pt} is the natural 

hltration and t denotes time. We consider a re-expression of ([T]), 



( 2 ) 



(3) 


ESt 


(4) 



ESt denotes EpSt for every f-value. Q* is the cumulative distribution function (c.d.f.) of 
Vr-t under V* and will be obtained in two steps. Unless needed, domains of integration 
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are omitted since they are determined by the c.d.fs./probabilities. 


Step 1 : Determine Q for Vr-t under which {St/ESt} is a martingale, i.e. 

EQ{exp{VT-t}\Et) = j e^dQ{v\Et) = 1. (5) 

There is no involvement of the interest (i.e. of r) in Step 1. 

Step 2: Q* is the translated Q, 

Q*{v\Et) = Q[v + lna[i,T] - r(T - t)\Et]. (6) 

Remark 2.1 Q is the key element that allows to obtain V* without making model assump¬ 
tions, and reveals V* ’s relation with the flow of information. When Q is determined, m 
holds under Q* : 

= j + lna[i,T] - r(T - t)\Et] 

= J e^+^^^-^^dQ{w\Et) = 

For Geometric Brownian motion the 2-step approach allows to obtain Q. 

Example 2.1 Let St be a geometric Brownian motion, 

^2 

St = Soexp{{p - y)t aBt) 

with Bt standard Brownian motion, t > 0 and Sq the price att = 0. Since ESt 

2 

Vr-t = -y (T - t) + a{BT - Bt), t < T, 

and ^ holds under V, i.e., Q coincides with V, and holds under Q*. 

In Example 12.11 Q, V* and Q* are easily obtained because the distribution of Vr-t is 
normal. Can one similarly obtain Q (and therefore Q*,P*) in other situations? Without 
stock price modeling assumptions the stock prices before T provide information to the 
investor and/or the Regulatory Authority and can determine Q via a sequence Qn', n 


(7) 

= Soexp{yit} 
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increases with the flow of information, i.e., the number of stock prices in {t,T). This is 
supported by Cox, Ross and Rubinstein (1979) where, for the binomial price model, B- 
S-M price is obtained as limiting price. Also, by the terms (— .Scr^) in the standard 
normal c.d.fs. of B-S-M price, indicating these c.d.fs. are limits of expected values under 
contiguous sequences of probabilities. 

When there are “many” transactions in [t,T] an embedding in Le Cam’s statistical 
experiments, where contiguity was introduced, allows to determine Q. 

Remark 2.2 When r is not fixed in [t,T], let 5[i,T] = i^s determines the interest 

at time s, as r determined interest i. Then in m and B[to,T] is replacing and 

in XnBg^^T] is replacing r(T — to). All subseguent results herein still hold with these 
changes. 


3 Binary Statistical Experiments, Contiguity and Mar¬ 
ket’s Informational Efficiency 

A binary statistical experiment £ consists of probabilities {Qi,Q 2 } on (Blackwell, 

1951). Le Cam (see, e.g., 1986) introduced a distance A between experiments and proved 
that A-convergence of binary experiments £n = {Qi,n, Q2,n}, n > 1, to T is equivalent to 
weak convergence of likelihood ratios under Qi^ (resp. Q 2 n) to the distribution of 
g under Qi (resp. Q 2 ). 

From several equivalent definitions of contiguity we present one that will reveal the 
relation between V* and the stock prices’ information. 

Definition 3.1 (see, e.g. Le Cam, 1986, p. 87, Definition 5) Let £n = {Qi,n, Q2,n}, n > 

1, be a seguence of statistical experiments. Then, the seguence {Qi,n} is contiguous to 
the seguence{Q 2 ,n} if in all cluster points £ = {Qi,Q 2 } of the seguence {£n} (for A- 
convergence), Qi is dominated by Q 2 . 

If, in addition, {Q 2 ,n} is contiguous to seguence{Qi^n} then the seguences {Qi^n}, {Q 2 ,n} 
are contiguous. 

From Definition 13.11 for contiguous sequences of probabilities {Qi,n}, {Q2,n} forming 


7 




a sequence of binary experiments each cluster point experiment of {£n} consists of 
mutually absolutely continuous probabilities. 

The dehnition of an informationally efficient market has been recently formalized. 

Definition 3.2 (Jarrow and Larsson, 2012, Jarrow, 2013, p. 89) A market is efficient 
with respect to an information set T* for which the price process is measurable, if there 
exists an equilibrium economy (with supply equal to demand) that supports the market’s 
price process and where the price process reflects the information set IF*. 

An important result follows relating market’s informational efficiency with risk neutral 
probabilities. 

Proposition 3.1 (Jarrow, 2013, p. 90) The market is efficient with respect to an infor¬ 
mation set F* if and only if there exist risk-neutral probabilities V* such that St/Bt is a 
martingale. 

Herein the information set F* of Proposition 13.11 is determined by the successive stock 
price returns which provide V*. 


4 Modeling Vr-tQ 


4.1 The Embedding 


We introduce binary statistical experiments determined by the stock prices. 
Consider the process of prices-densities 


= ielO.T]}, (8) 

Embed the stock prices in [to,T] in the statistical experiments’ framework by re-expressing 
VT-to in © using the intermediate prices-densities, 


Vr-to — lu 


St/ESt 


Si 


= In 


to/EStg 


St 

S+n 

ESt ■ 

• • EStn 

Sto 

Si-n 

^kn-1 

ESt^ ■ ■ 

■ EStn 

kn-1 
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= In 






= InH 


i=i 


j-i 


Pt^ 


Pt^_ 


— Ai- 


(9) 













The products and U-’^ZiPq determine, respectively, beliefs-probabilities Ptr,n 

and Pbu,n in and the statistical experiment 

= {Ptr,n Pbu,n}] ( 10 ) 

tg = to and t^^ = T for each n. Ptr,n and Pbu,n are both unknown but when n and so kn 
increase to inhnity, with mild assumptions, the theory provides the asymptotic distributions 
of In 45^ under both Ptr n and Pbu n- 

^P^tr,n ’ ’ 

It is shown that when the trading times are dense in [to,T] the distributions of log ^ 
under Ptr,n and Pbu,n are inhnitely divisible, normal in particular for calm stock, and Q is 
obtained fPropositions 14.1114.21 and Corollary 14. ip . When to is the present and St^ = St^, 
^ becomes pr and V* obtained via Q is Sts probability (Proposition 14.3p . 


4.2 The Assumptions 


PtP 

Let Ynj be a fluctuation measure of J from unity. 


Assume 







( 11 ) 


(Al) St > 0 and ESt < oo for every t G [to, T], 

{A2) a countable number of stock’s transactions in any open interval of [to,T], 


1 ,- 


(.4.3) for the prices-densities ptji, and mesh size 6n = 

0 1 kn 

. . , kn}, kn = kn{^n),to = to, t^^ = T, dPt^ = PqdV, j = l,...,kn, 
(t) lim sup{Ep^„ YP, j = 1,..., = 0, 

On—>-0 j-i 


sup{t” - j = 


{ii) there is positive b : sup 


oo. 


i=i 


(A4) Under V, hm„^oo = Sto in probability, limn^oo ESq = Sto- 


Conditions are provided in Appendix 2 for A3 to hold. In Proposition l4.4l it is shown that 
A3 holds for Geometric Brownian motion. Condition A3{ii) is weaker than boundedness 
of the expected quadratic variation of ^/pi, t G [to,T], under V. 
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Assumption allows the passage from stock prices to prices-densities and — 1 < Ynj < 
oo,j = Assumptions and A2 provide sequences of probabilities with n-th 

terms, Ptr^n and Pbu,n, mutually absolutely continuous. Assumption ^3(i) indicates that 

PtV- 

the contribution of the ratio does not affect the distribution of Vr-to, j = ■ ,kn- 

j-i 

Assumption A3{ii) implies that Vr-to^s variance is hnite. It is a condition involving the 
square roots of the stock prices and does not guarantee their square integrability which 
would allow showing, via the martingale convergence theorem, that the discounted stock 
prices are a Levy process. Assumption A3{ii) can be relaxed following Loeve (1977) lead¬ 
ing to a different representation of the moment generating or the characteristic function in 
Proposition 14.11 Assumption A4: allows, along with Q, to change the conditional expec¬ 
tation in ([1]) to expected value. Most important, Ai allows to show that when to is the 
present and St^ = St^ then Vr-to — ImiSr/ESr) and Q determines P* for St- 

4.3 The Q-distribution(s) of Vr-to 

Assumption A3 implies also that under {Ptr,n} and {Pbu,n\ the sequences of distributions 
of are relatively compact. Thus, we can choose a subsequence {kn'}, for which 

V',j converges weakly, respectively, under Ptr,n' and Phu,n'i to inhnitely divisible dis¬ 
tributions. Without loss of generality we use {n} and {kn} instead of {n'} and {kn'}- If 
there are two or more subsequences with different weak limits, the stock prices support 
more than one risk neutral probabilities and V* can be modeled as mixture of inhnitely 
divisible distributions. 

Vr-to approximated in probability by a linear function of V,j and has under 
Ptr,n as limit the inhnitely divisible distribution Qo- A translation of Qo is usually needed 
to obtain Q satisfying ([5]). 

The next proposition for the binary experiment fIlOp follows using a result from Le Cam 
(1986, Proposition 2, p. 462) that holds for two product probabilities forming a likelihood 
ratio. 

Proposition 4.1 Assume that Al — A3 hold and that Yl’jVVj has under Ptr,n o weak 

h. Pt'^ 

limit with Levy triple [/i, Lfr]- Under Ptr,n, A*,^ = In converges in distribution 
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to A with c.d.f. Qq and for every s G (0,1) its moment generating function, 


V'Qo(s) = = A[to,T]S + 




[to,T] o 


S + 


[-l,0)U(0,oo) 


[{I + yf^ - I - 2sy]Ltr{dy)- (12) 


A[io,T] = 2/i - CT^ < 0, 


a 


[to,T] 


= 4^2, 


and /i, ore all determined in Remark f.l 


Remark 4.1 Under Al, in [Wti Ltr{—U) = 0. The model parameters 

A[io,T] = 2/i - = (2/ii - al){T - to), “ to)] 

Hi and af are determined from an interval of length unity, 

hn kji 

= lim lim 

r^O n—>-cxD 

The Levy measure in an interval of length unity is 

kn 

LiAy) = lim Bp„ Yly(Y„j < y). (14) 

n^oo ^ 3-1 

J=1 

From Levy-Khintchine theorem (see , e.g., Kyprianou, 2006, Theorem 2.1, p. 35), Vr-t 
can be seen as Levy process thns the conditional expected valne in ([2]) is an expected valne; 
see also Lemma 16.11 in the Appendix. 

The next proposition provides Q and Q* (via Qo) and the necessary and snfficient 
condition flT^ to obtain Q which is eqnivalent to contignity of the seqnences {Ptr,n} and 
{Pbu,n}- I denotes indicator fnnction. 


E^vA>.jrin,,i<T). (13) 


Hi = lim 

n—)-oo • 


^ ^n,j < 0, 




i=i 


Proposition 4.2 a) Qo in Proposition\4-l\ satisfies if and only if. 


U[to,T] + + EurY^IiY ^ 0) = 2/r + + El,YH{Y ^ 0) = 0. 

h) Q satisfying ^ has Levy triple ^ 0), Li^], 

f v + .5al + El,,Y^I{Y ^0)-y 

Q{v) = / 4 >(-^- -^)Ltr,Pois{dy)] 


(15) 


(16) 


$ denotes the c.d.f. of a standard normal random variable, Ltr,pois is the probability of the 
Poissonian component. The triple’s parameters can be estimated using Remark\4.1\ 
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c) Let Qbu be the limit distribution of Ak„ under Pbu,n- {Ptr,n} and {Pbu,n} are contiguous 
(and therefore Qo,Qbu in Proposition \f.l\ are mutually absolutely continuous), if and only 
if, iW holds. Then, Qbu has Levy triple [■5a‘^to,T] + ^ 0), 


r V- .5af, - El^ Y^I(Y 7 ^ 0) - y 

Qbu{v) = / $(-- )Lbu,Po^s{dyy, 

J cr[to,T] 

Lbu,Pois is the probability of the Poissonian component. 

d) For Q in b), 

dQbu{v) = e^dQ, 

f e^dQ{v) = 1 - Qbu{x), Wx e R. 

J {v\v>x} 

e) Q* is obtained using Q in b) and 


(17) 


(18) 

(19) 


Remark 4.2 From TTR) . Qq is risk neutral when the drift p. eguals —.5a‘^ — .5EL^^Y‘^I{Y 7 ^ 
0). There are several possible a values and Levy measures Ltr for which m holds, but 
those supported by the stock prices (at unit time length) are given by / f731) and [Lff ). The 
remaining Ltr and a correpond to stock prices with different jumps-variability. 


The result allowing to obtain V* for St via Q follows. 

Proposition 4.3 Assume that Al — AA hold for stock prices < t < T}. When to 

is the present, StQ = St^, Proposition holds for Vr-to = Iij^St/ESt) and Q,Q*,V* are 
obtained. 


4.4 The Q-distribution(s) of Vp-to for Calm Stock 

Calm stock has prices-densities Pt+s, Pt (see (|H])) that do not differ often much with 
respect to V for small 5-values. 


Definition 4.1 Let < ... < t'f.^_i be a partition of (to = to,T = with mesh size 
5n = sup{t” — i = 1,..., ku}. Stock {S'*} is calm in [tg, T] if for any e(> 0) and any 


partition 




> e) = 0; 
( 20 ) 


I is the indicator function. 
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When A3{i) holds, the calm stock condition for the random variables Ynj, j = 1,... ,kn 
guarantees that Yl^=i ^ri,j has asymptotically normal distribution (LeCam, 1986, p. 470) 
and the same holds for 

^71 

^k„ = 2 ^ ln(l + Ynj), 
i=i 

i.e., for Vr-to- 

Corollary 4.1 When .4.1, .4.2, and 4.3(i) hold for a calm stock in [0,T], for every conver- 
gent subsequence z2j=i ^n',j there is (y[to,T] > 0 such that 

2 

(t) Qiv) = 4>( ^ ^ ), (21) 

^[to,T] 

2 

(^^) Qbuiv) = $( '' ^ )- ( 22 ) 

^[to,T] 

When, in addition, Ep^„ YY has a limit as n increases to infinity then Q and so 
P* are uniquely determined. 

Proposition 14.41 shows that assumption 4.3 holds for the Geometric Brownian motion 
model which is calm. 


Proposition 4.4 For the price-densities of the Geometric Brownian motion 

a) assumption A3 holds and 

kn kn p 

hm YY = hm / (V^- = • 25 a"( 2 " - ^o), 

3=1 " 3=1 

b) the calm stock condition / f^) also holds. 


(23) 


5 Applications and Consequences 

5.1 Option pricing of a European call 

For the hypothetical trader and the buyer make the usual assumption: 

(4.5) The market consists of the stock S and a risk-less bond that appreciates at hxed 
rate r and there are no dividends or transaction costs. The option is European. The buyer 
prefers to pay less than more. 
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P*-price of a European call is obtained from a weakly convergent subsequence of 
When ^n,j has several cluster points, the fair price is a weighted sum of the corre¬ 

sponding P*-prices. 


Proposition 5.1 Assume Al — A5 hold. The V*-price C of the European call option at 
to, with strike price X at expiration T, is 


C = St,Rhu-Xe-^^^-^°^Rtr, 


(24) 


= / 


Rbu = ^- Qbu[^n{X/ st-o) - r{T - to)] 
ln(5,„/X) + r{T - to) + + El,^YH{Y ^ Q) + y 


(26) 


")-^6u,Pois ( ^2/) 


r UstjX)+r{T- to)-.^t))+y 

Rtr = / *h(-^- )Ltr,Pois{dy)- 

J (^lto,T] 


For calm stock, B-S-M price is obtained without model assumptions thus justifying its 
universality and frequent quote. 


Corollary 5.1 Eor calm stock, under the assumptions .4,1, .4,2, ^3(tt), .4,4, ^5, the coeffi¬ 


cients Rbu and Rtr in are 


D + riT - to) + .5cr2^ .T]. 

Rbu — -), 

^lto,T] 

D _ - ^o) - ■^aft.^T] , 

ritr ^ ) • 


5.2 Binary Statistical Experiments, Information, Market’s Effi¬ 
ciency and V* 

We relate the approach in this work with notions of information. It is assumed that the 
investor and/or the Regulatory Authority do not know the stock’s price model and the 
prices’ successive returns provide information for P* and the beliefs of the trader and the 
buyer. 

Definition 5.1 (see, e.g.. Cover and Thomas, 2005, p. 19) The relative entropy, or 
Kullhack-Leihler distance, between two densities f and g is 

D(/||j) = -£a»y|fy- (26) 


14 








Herein we use the distribution of In under / rather than its expected value (|26|) . In 
our notation /, g are, respectively, either Ptr^n, Pbu,n or Q, 

In each of the binary experiments £n = {-Pir.n, Phu,n\ and {Q, Qbu}, the beliefs-probabilities 
for St^s distribution are, respectively, those of the trader and the buyer. P* is determined 
via Q that satishes ([5]) if and only if flT^ holds. The latter equation is equivalent to conti¬ 
guity of the sequences {Ptr,n} and {Pbu,n}', see Proposition 14.21 ch Thus, the obtained V* is 
risk neutral, if and only if, {Ptr,n} and {Pbu,n} are contiguous. To see what this means for 
the trader and the buyer observe that for each n, Ptr,n and Pbu,n are mutually absolutely 
continuous and are based on information from stock prices before T for determining 
Sts distribution. Therefore, the corresponding induced probabilities for Ak„,Ptr,n ° 
and Pbu,n ° are also mutually absolutely continuous; see ([9]) for A*,^. Proposition 14.21 
shows that with inhnite amount of information, i.e., when n and kn increase to inhnity, 
the (limit) beliefs-distributions Q and Qbu for St are also mutually absolutely continuous. 
Thus, neither the trader nor the buyer have private information on S'r’s values any time 
in {to,T). Proposition 13.11 implies that the market is efficient with respect to the infor¬ 
mation set P* determined by the stock price returns in [to,T) which provide V*. Thus 
the results are a compagnon of the Third Fundamental Theorem of Asset Pricing (Jarrow, 
2012 ) which characterizes the conditions under which an equivalent martingale probability 
measure exists in the economy. Recall that the above hold for each convergent subsequence 
{Sn'} (see ([10])). 

Mutual absolute continuity of traders’ beliefs-probabilities is used in Financial Eco¬ 
nomics, e.g., the area of Market Manipulation. Cherian and Jarrow (1995, p. 616, Assump¬ 
tion 3), provide two conditions to avoid arbitrage due to “manipulator’s” information. In 
the context of a trader and a buyer and with our notation these conditions are: 

i) trader’s Q and buyer’s Qbu are mutually absolutely continuous, and 

ii) for constant manipulator holdings in a short time interval, relative stock prices are a 
martingale with respect to the information set. 

In this work it has been shown that when the constructed trader’s belief probability is 
risk neutral then Q and Qbu are mutually absolutely continuous, i.e., i) holds. 
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5.3 Binary Statistical Experiments and Calm stock 


By adopting the statistical experiment model in option pricing, empirical findings are 
confirmed quantitatively and new information is obtained for calm stock. 

a) The theory of statistical experiments provides an explanation for volatility’s role in 
the transaction. 

Under the assumptions of Proposition 14.11 from and fl2^ it follows that the bi¬ 
nary experiment Sn = {Ptr,n, Pbu,n} converges to the Gaussian experiment Q = {Pq = 
A^(0,1), Pr = N{a[to,T], 1)} when n —>■ oo. From ^’s form it is clear that volatility, cr^to,T], 
is the determining factor in the transaction. 

b) From fl^ and fl2^ . Q{v) is larger than Qbu{v) for any v and therefore the event 
{St > has higher probability for the buyer than for the trader. 

c) Let be the belief-probability of the buyer corresponding to V*, obtained with 

the same translations on Qbu, as for V* via Q. The buyer’s price has indeed a volatility 

_ 2 

premium, with the coefficient st^ in the trader’s price’s (|24|) replaced by ; 


- X)I{St > X) 



ln(sio/X) + r(T - to) + 


C^[to,T] 


^[to,T] 


By reconstructing an agent’s utility function Ross (2015) recovers the natural probabil¬ 
ity for the stock price returns, the pricing kernel and the market risk premium. Herein 
probabilities and V* are both normal, with the same variance and the mean of the 
buyer’s probability, P^^, is larger than that of V*. The difference between the buyer’s price 
and the price of the option (via Corollary 15.ip is a measure of the market risk premium. 

6 Appendix 1: Proofs 

Lemma 6.1 Under assumptions Al — AA, 


EQ*[exp{VT-t + In a[i,T]}IXi] = Eq* exp{Ur-t + lna[i,T]}- 


(27) 


Proof of Lemma 16.11 Et is generated by the countably many stock prices in (0,t). For 
every time sequence 0 < tmi < tm^ < ... < tmr^ < t, that becomes dense in [0, t] as n 








increases to infinity, the corresponding prices 


St ) , St^n ) • • • ) St^n 

^ 71 — 1 1 


provide the same information as 


St St 


St 


St 


ESS ESt J ESt 


ESt 


or, 


St^jESt^ 

St^JESt^'St^^ jESt^ 


St/ESt 


St^^/ESt^ 
’ St^JESt^ 


-^StJESt 


that coincides with 


St/ESt 


St/ESt 


St n/ESt n , 

^71 71 — 1 71 — 1 


St/ESt ’ 


St/ESt 


St/ESt 
St „/ESt 

m .Lt ' m. 


St/ESt 
St n /ESt n 

"*1 _ ™1 O / fP Q 

St/ESt ’ 

St n/ESt n 

m'^ ' 7712 


or, by taking logarithms 


hr-t^u - Vt-U VT-ra1_^ - VT-ra1 _^, • • • , Vr-mJ “ Vr-m", 5't^n jESt^^. (28) 

When n is large, the last term in (|28|) approaches unity since both numerator and denom¬ 
inator converge to Sq (from A4) and the remaining terms are increments of a Levy process 
and are therefore independen of VT-t(= Vr-t — Vt-t)- n 


Proof of Proposition 14.21 a) Proposition 14.11 the moment generating function 
iIjqo(s) is determined for s G (0,1). The integrand in iIjqo(s) (see flT^ i. 

(l + yf^-l-2 sy 

is bounded by “some” multiple of 7/^ (Le Cam, 1986, p. 465, lines 18-22) and Et^Y'^ is 
hnite from assumption A3. From dominated convergence theorem, 

hmln7/>Qo(s) = InV’Qo(l) = = h[to,r] + + ELtrY‘^I(Y ^ 0). (29) 

([5]) holds for Qq if and only if In-^Qu(l) in (|2^ vanishes. 
h) Follows from a). 

c) Since i) the Levy measure Ltr has no mass at -1 (by .4,1) and ii) Proposition Id.ll shows 
A-convergence of (a subsequence of) the experiments = {Ptr,m Pbu,n} to the experiment 
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{Qo,Qbu}, it follows that {Ptr,n} and {Pbu,n} are contiguous, i.e. Qo and Qbu are mutually 
absolutely continuous, if and only if, 

limV'Qo(s) = V’Qo(l) = 1, (30) 

s—>1 

which from 0291) holds, if and only if, (IT^ holds. 

d) Due to contiguity, flTSl) holds (see, e.g, Le Cam and Yang, 1990, p. 22, the Proposi¬ 
tion). □ 


Proof of Proposition 14.31 It is enough to show that Al — A4: hold for to < t < T. 
When StQ = St^ assumptions Al, A2, A4 still hold. For .4.3 observe that since Stg = St^, 

0 < Ep,Yli = j (vSf - 1)'^^^" = ^ 2. (31) 

From flMj) it follows that A‘i{ii) holds. 

For A3{i) to hold it is enough to show that 


lim E 

n^oo 


Pto 



0 


or from fl3Tl) that 


Since 



Ep\^/p^^ — 1 | < Ep\pq — 1 


for (l32l) to hold it is enough that 


(32) 


lim Ep\ptn — l| = 0. (33) 

n^oo ^ 


fl3^ follows from: 


Lemma 6.2 (Roussas, 2005, Lemma 3, p. 138, 2014, Lemma 3, p. 109) Assume > 
0, EXn < oo,n > 1. Then 

lim E\Xn — X| = 0 plimn^ooXn = X and lim EX^ = EX < oo. 

n—>-oo n—>-co 

with Xn = Pq, Y = 1 since Eppq = 1 V n > 1 and 4,4 holds. □ 
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Proof of Corollary I4.lt Follows from (fT6D and ffT7|) and Le Cam (1986, p. 470) for 
Levy measures Ltr and Li,u concentrated a.t y = 0. □ 


Proof of Proposition [474t a) From ([7]), with Bt standard Brownian motion, we obtain 




ESt = soexp{yt}, Pt = e 
For tj_i < tj, since Bt. — Bt._.^ is independent of Bt._^^ it holds 




Pti 


Pu- 


i-1 


= 2(1 - e-125-hh-h-i)) ^ .25a\tj - + Ca\tj - tj_i)] 

for small tj — tj_i values; C is a generic bounded constant, bounding the second derivative 
of in its Taylor expansion around zero. 

It follows that for any partition ti,..., of [fo; T] with mesh size 6 n 


snp{Ep I 


Ptj-i 


- lf,i = 1,..., /Cn} < .25cr^5„[l + max{Cj, j = 1,..., kn}5n] 


thus, the left side converges to zero when 5n converges to zero and A‘i{i) holds. Note that 
max{Cj, j = 1,..., kn\ is determined by 5n- 

For .4.3(ii) observe that for small 

I ~ “ •25a2(t^- = .25a2^C'^(tj - 

j=i V Fp-i 

< .25a‘^6nmax{Cj,j = 1,..., kn}{T - to) 
that converges to zero when Sn converges to zero. Thus, 

—^0 ' 


lim Ep. I 
9-1 


t=l 


Pti 


Pt,-i 


1 )^ = . 25 a\T - to) 


and A3{ii) holds. 


b) From part a), a risk neutral probability V* can be obtained via Propositions 14.11 and 
14.21 Since V* is unique and Q coincides with V as conhrmed in the last sentence of Exam¬ 
ple [231 it follows that the sequences {Vtr,n} and {Vbu,n} are contiguous and since for each 
n, Vtr,n and Vbu,n are mutually absolutely continuous, it also follows that for ^n,j the 
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variance of the limit is equal to the limit of the variances. From Le Cam (1986, p. 470, 
lines -10 to -12), the sums have limiting nomal distribution and the variance of 

the limit is equal to the limit of the variances if and only if ^'^nj converges to a limit 
and fl20|) holds for every e > 0. □ 


Proof of Proposition 15.11 The option’s price, 

- X)I{St > X), 

is obtained via Q and Propositions 14.2114.31 


(34) 


We calculate separately each of the two expected values in fl34|) excluding constants. 

Er*I{ST > X) = P*{\n — > In —) 

^to ^to 

= 1 - Q*(ln— - lna[ta,T]) = 1 - Q(ln — - r(T - to)) 

Sto Sto 


= 1- / <F(- 


In £ - r(T - to) + .5< ,, + El,Y^I{Y ^ Q) - y 


[io,T] 


') Ltr‘,Pois{,dy^ ^ ( 35 ) 


with the penultimate and the last equalities obtained using, respectively, ([6]) and flTHll . 
Et,.StI{St >X) = > In — - \nait„T]) 

^to 

= Sto j + lna[to,T] - r{T - to)) 

J {D>ln(X/ sto )-ln “[to.r] 1 




/ e^dQ{w) = / dQbuiw) 

' {■w>\n{X/stQ)-r{T-to)} J {u)>ln(X/sto)-?’(r-to)} 

= s,[1 - Qh.(ln(A7s,„) - r(T - („))] 


= ~ ~ ~ - gt..y v(y / 0) - a 

J ^[to,T] 


(36) 


with the second, the penultimate and the last equalities obtained using, respectively, 
(1T811 and (ED. 


Replacing fl35ll . fIMl) in fIMl) . P*-price (1241) is obtained. 


□ 


7 Appendix 2: Conditions for Assumption A3 to hold 

Quadratic mean differentiability conditions are sufficient for ^3 to hold. Quadratic mean 
differentiability holds frequently in parametric statistical models, e.g., for the normal and 
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log-normal models; see Le Cam (1970) and Roussas (1972, Chapter 2). Let (f2, P) be a 
probability space and let p(t),t G [0,T], be a process indexed by t. 


Definition 7.1 The process p is differentiable at t in V-quadratic mean if there is Ut, its 
derivative at t, such that 

f [\p(t + 6) - Mt) - ^0. (37) 

0 J <5^0 


When t 


0 (resp. T) the limit in f3l\) is taken for 5 positive (resp. negative). 


For the prices-densities {pt, t G [0,T]}, let 

Ut) = Uvu t e |o.r]. 


(38) 


Proposition 7.1 Assume thatf{t) is V-quadratic mean differentiable in [to,T] with deriva¬ 
tive Ut, and that sup^gj^^^ j’] < oo. Then, A3 holds for the price-densities pt, t G [0, T], 


Proof: For any t in [to,T] and 6 small, 

j + 5) - m?dV <2[j [e(t + 5) - m - dUtfdV + 6^ j UfdV] 

= 25^[Et.U^ + o{1)]. 


Uniform boundedness of E-pUf implies A3{i) holds. 


For transaction times with small mesh size in [tQ,T], 

kji n kn kji 

Y. / !«*•) - UtiWfdP < 2E(«” - tpp‘EvUl.._^ +0(1) Y)t" - 

j=l d j=l j=l 

< 2(T — to)^[ sup E-pUf o(l)] < oo. 

[io -jT] 


□ 
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